the maximum droplet diameters are the same. Clearly, fairly different h(s) correspond to
virtually identical distributions, There is a more marked effect from the choice of maximum
size. In all our experiments, the maximum diameter was taken as the value of s at which the
number of pulses constituted 0,02% of the maximum,

The reliability of the data was examined by recording the distribution by deposition;
the drops were trapped in a thin layer of silicone oil on a plate of dimensions 2 x 3 - 10™°
m, the total number of drops being 1240, Curve 1 in Fig. 4 is from the Wicks—Dukler method
operating with the above circuit, while curve 2 is from the deposition method. The agree-
ment is satisfactory, particularly in the region of the mode.

NOTATION

Re = ¢ép/u, Reynolds number; c, drop velocity; 8, film thickness; p, density of liquid;
Y, ‘dynamic viscosity coefficient of aliquid; £(D), size distribution; fy(D), volume distribution;
F, cross~sectional area of flow; D, drop diameter; Dp, maximum drop diameter; s, distance
between electrodes; h, pulse frequency; A, o, approximation coefficients.
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SOLID PARTICLE IMPURITY PROPAGATION IN A FLUID FLOW IN A PIPE

M. V., Lur'e and V. I. Maron Ubc 533,73

A longitudinal diffusion model is proposed for planar flow in which the fluid par-
ticles and the impurities have different velocities.

The process of solid particle impurity propagation in an incompressible fluid flow in a
flat pipe is investigated. The turbulent and convective diffusion processes as well as the
settling of the particles under the effect of gravity result in the impurity concentration
varying in both the stream depth and along it. Since the question of impurity pro-
pagation along the stream is of special interest for applications, a derivation is given
in this paper for a one-dimensional diffusion mixing model to determine the mean particle con-
centration over the stream section. The turbulent and convective diffusion mechanisms, par-
ticularly the velocity distribution in the stream, are taken into account in such a model by
an effective coefficient for which an expression is found in terms of the local velocity
field characteristics. The proposed one-dimensional diffusion model refers to streams in
which the fluid and impurity particles have different average velocities. The velocity of
convective transport in this model does not equal the mean stream velocity, which distin-
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guishes this model from those in [1, 2]. We follow the methodology in the known work of Tay-
lor [3].

Before presenting the derivation of the equation describing the impurity particle propa-
gation in the stream, we make some fundamental assumptions within whose framework the present
investigation is executed.

We consider the particles in the stream to be considered as a continuous distributed
continuum possessing density and velocity. We assume the size of the suspended particles
to be small compared with the characteristic turbulence scales. We limit ourselves to the
consideration of that case when the volume concentration s is low despite the fact that a
large quantity of particles is contained in the stream.

Let us consider the suspension-carrying stream as a two-phase system. Let us write
the continuity equation for each of the phases

dp, Opyg
—1 4 e g, (1)
ot + O0xq

apz €L apzvza =0 a=1'2,3.
at | ox,

By introducing the true fluid and particle material densities d, and d., we can express
the densities of the separate phases in terms of the parameter s '
py=(l —9)dy, pp=sds.
Then the second equation in system (1) becomes

Os O0sUsq
2 4 e, _ (2)
ot + 0xg

We represent all the quantities in the form of sums of their average values and the
pulsating components in conformity with the method of describing turbulent flows

s=s§ 45, UVa= Jza+ v'-;a' (3)
Then (2) can be rewritten as follows
ds KB ds (ZZG —_— t;,a) + a;aia — d S’UQa . (4)
at 0x,, Oxq dx,

Here the difference (vig — Vig) is the relative velocity of the impurities in the carrying
medium.

Because of the assumptions made above about the particle size, it can be assumed that
the horizontal average velocities of the solid particles and the fluid agree, while the ver-
tical velocities differ by a certain quantity a, i.e.,

52a=51a‘—a6a3v (6&ﬁ= 0, a;éﬁ’ Sae= 1)- (5

Here the quantity a is called the hydraulic lumpiness. If the impurity particles are more
or less identical in size, then the quantity a can be considered constant.

Taking account of (5) we obtain

s, 9s vy _ _ 050, (6)
ot Ox, 0xq 0x,

A further conversion of (6) can be accomplished if the correlgtion between the parameters s'

and v}, is taken proportional to the gradient of the function s in conformity with the Bous-
sinesq hypothesis:

ds (7
aXﬁ

!

5 vz;a = €ap

In this formula eqgp is the diffusion coefficients tensor which has the following form in the
case of isotropic diffusion
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Eaﬁ T e Béag.
After having used (7), Eq. (6) is written as follows

ds ds d s, P ds
s 3/ i ( w5 s ) . (8)

.__a —
at 0x, + 0% 0x, Oxg

Let us examine impurity transport in a plane-parallel stream of depth H. We direct the
Zz axis vertically upward and the x axis in the direction of stream motion. The stream velo-
city vector will have just one nonzero component vy{(z), that is, v(vx(z), 0, 0), in correspon-
dence to the case under consideration. Taking this circumstance into account, (8) can be

given the following form:
a“s ds
+.~_~ . (9)
( Jdx ) ( 0z )

We take as initial condition that the function s = so(x) is known at t = O while there is no
impurity flux at the stream boundaries z = 0 and z = H:

ds ds
—a

ds
5 % +v.(2)

R

We shall henceforth consider the longitudinal stream velocity and the transfer coef=-
ficient in Eq. (9) obtained not to differ from the corresponding parameters in a homogeneous
stream without impurity particles. To a known degree this assumption has been justified
earlier by the condition taken on the smallness of the particle volume concentration. The
presence of the solid particles actually alters the structure of the turbulent stream and af-
fects its characteristics. A derivation of the transport equation with such influence taken
into account is given in [4].

Equation (9) reflects the fact that the impurity particle propagation in the stream is
due to two causes: convective transport and turbulent diffusion. Both these processes can
be taken into account within the framework of one-dimensional diffusion model by introducing
an effective transfer coefficient whose magnitude depends on the stream velocity profile and
the concentration distribution in an integral manner.

Let us use the procedure described in [5] to construct such a model and to derive the
formula for the effective transfer coefficient.

We define the mean volume impurity concentration over a stream section by the formula
' H

- Lf (10)
Hy

Let us multiply (9) by the quantity 1/H and let us integrate with respect to z between the
1imits O and H. We hence neglect the longitudinal turbulent transport which, as estimates
show, yields a small contribution to the magnitude of the effective coefficient:
___gte + ___~+-....- f(ux-U) (5—6)dz = 0. 11)
'] .

In this formula U is the mean stream velocity

14 12
71—50 . (2) dz. (12)

Denoting the difference between the quantities s and © by ¥, using (9) and (11) as well
as the conditions on the stream boundaries, we have the following problem for the function ¥

oV ov 0 oY o ds 1
—_ —— - U — (v, —U) ==+ —
a 6z(8 az) UGt

9 1 (0, —U)¥dz, (13
Ox

Oy I



iRY

4 a¥ == — aBb. (14)
0z

€

Using successive approximations, we set the average value © in place of s in the right-
hand side of (13). The foundation for such an approximation is the fact that for times much
greater than the diffusion constant H®/eo (o is a typical value of the transport coefficient),
when the length of the mixture domain becomes much greater than the characteristic linear di-
mension H, the impurity concentration over the stream depth is almost equilibrated, and only
small deflections of the local concentrations from jits average value exist. These deviations
are due to the inhomogeneous convective impurity transport because of the velocity profile.

We obtain as a result of the formulation

):_@ru)% . (15)

Ox

ot 0z 0z

ov 6‘1’___6_8011’
( 0z

If the notation

r (z) = exp f az,) dz, p@)=¢(@)r(2)
0

(

is introduced, then the operator of differentiation with respect to z in the left-hand side
of (15) can be represented in the self-adjoint form

1 0 o
Ly =—— 91 p9- 22 1. (16)
) r(2) Gz[p() 0z ] ‘
Using this operator we represent (15) in the form
ov
LW)y= ——+], (17)
¥) py +f
where '
00
=@, —U .
F= (= U) =

Let us seek the solution of the equation obtained in the form of a series in the eigen-
functions Xp(z):

W (f, x,2)= 5 u———"(t’ %) X, (2),
o= g @

Ili—}(r(z)‘l’X,.(z) &z, (18)
0

X = - Tr@ X2 @ ds
R L

u,(t, x) =

The eigenfunctions Xp(z) satisfy the following SturmLiouville problem:

(pxr'l)’ +A'?lrxn, = Ov Xn = Xu (Z)'

(19)
eX,+aX,=0, 2=0, z==H.
Here X, are eigenvalues of the problem mentioned.
Using (18), we write (11) in the form
o L y® L S Ounlt %) _ (20)
ot Ox H 4= X R ox .

where

H
8=0( 1), = |~V Xa(@)dz
0 .
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To determine the unknown functions up(t, x) which are the coefficients of the series
(18), we multiply (17) by rXp and integrate with respect to z between O and H. Taking ac-
count of the boundary conditions (14) and (19), we obtain an equation for the functions
Un(t ) X)

du,
ot

1
Mty = — (68 — fa),
+Au H( fr) (21)

U, = uy, (I, x).

Here ‘
bn =a[’(0) X"(O)—Y(H)XH(H)],
" )
f,,:fr(z)fX,,(z)dz:c,, ax

[

’

Cp = ? r(2) (vx—U) X (2 dz.
H

Taking account of the zero initial condition for the function un(t, x), the solution of this
equation has the form

00
ttn (b x):»-—‘;-;—_‘ expl — A3 (t—1)] ——

b 3
dv -+ E“—J'Gexp [—A2(t—n)] dv (22)
0

- e

(=3

Substituting the expression found for the fumction up(t, x) into (20), we arrive at an inte-
grodifferential equation to determine the mean value 0(t, x) of the volume impurity concen-
tration:

08 00 1 & ab, ¢ 00 1 & auc, %0
+U -+ nn Cexp [—AZ(E—T dt = —— ¥ ——-\exp[— A2 ({ —7)] dr,
e T B TR T e 2] =N ™ s
8 =8(, .

The equation obtained describes the distribution of the mean concentration 0(t, x) over
the stream depth. By solving it we can find not only the particle concentration distribution
over the stream depth by using (18), but also

s=86 EACE DAY
+,§, X »(2)

The asymptotic solution of (23) as t > = is of interest. The fact is that the asymptotic
distribution of the impurity particle concentration in a stream is established, in practice,
sufficiently rapidly after the beginning of the process, hence the solution of the correspond-
ing equation can be used to describe the process in almost the whole time span. For t > «

Eq. (23) simplifies considerably:

a0 0 0
4 = . 24
ot + ox K ox? (24)
Here
ol g ontn (25)
K= Ly
and
1 « a,b
V=Uit — 12" _ (26)
t 2T

Expression (24) is a one-dimensional diffusion equation in which K is the coefficient of
longitudinal diffusion taking account of the convective and turbulent transport mechanisms,
and V is the velocity of convective impurity particle transport. Both these parameters ef-
fectively take account of the local transport mechanisms and appear in the one-dimensional
model as analogs of the corresponding parameters of the one-dimensional molecular diffusion
equation. However, the magnitude of the effectiwve coefficient exceeds the value of the mo-
lecular and turbulent diffusion coefficients many times. This is explained by the fact that
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the difference between the averaged and mean stream velocities is much greater than the velo-
city fluctuations and the inhomogeneity of the velocity field is the main reason for the in-
crease in the length of the mixing domain.

If the impurity particles do not settle, i.e., the quantity a is zero, then the magni-
tude of the parameter bp vanishes and, therefore, V = U, i.e, the velocity of convective
transport of a substance agrees with the mean stream velocity. If the rate of particle set-
tling differs from zero, then the convective impurity transport occurs at a velocity not equal
to the mean stream velocity, where its difference becomes more noticeable with the growth in
the hydraulic lumpiness of the particles. It can be shown that the velocity V is less than
the mean stream velocity.

As a simple illustration, let us consider the problem of propagation of an impurity
which has been introduced in a stream at the origin x = 0 at the time t = 0. This corresponds
to the following initial and boundary conditions

00, x) =:s6(x), O(f, £ o) =0
Here so is the quantity of the impurity introduced, and 6(x) is the delta function.

The solution of (24) in a coordinate system moving with the velocity V has the form

B(x, f) = —_ ex _._0_:‘@_] (27)
(x, O 51 ki e\p[ Kt _

It follows from this solution that the maximum value of the concentration of the settling
impurities is shifted at a velocity different from the mean stream velocity. This circum-
stance should be taken into account in measuring the mean stream velocity by inserting im-
purities.

NOTATION

P1, P2, densities of liquid component and impurity particles; v;a and vaa, liquid and
impurity velocity components; d, and d., true component densities; s, volume concentration;
s and s', averaged and fluctuating concentration components; Va and v}, averaged and pulsat-
ing velocity components; eqR, tensor of the diffusion coefficients; a, hydraulic lumpiness;
H, channel width; @, mean volume impurity concentration over the stream section; U, mean
stream velocity; Xn, An, eigenfunctions and eigenvalues of the SturmLiouville problem; K,
effective coefficient of diffusion; t, time; xy, space variable.
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